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ABSTRACT
A study of the dynamical fluctuation property of jets is carried
out using Monte Carlo method. The results suggest that, unlike the
average properties of the hadronic system inside jets, the anisotropy
of dynamical fluctuations in these systems changes abruptly with the
variation of the cut parameter ycut. A transition point exists, where the
dynamical fluctuations in the hadronic system inside jet behave like
those in soft hadronic collisions, i.e. being circular in the transverse
plan with repect to dynamical fluctuations. This finding obtained
from Jetset and Herwig Monte Carlo is encouraged to be checked by
experiments.
PACS number: 13.85 Hd
Keywords: dynamical fluctuations, hadronic jet, hard and soft
processes
1 Supported in part by the National Natural Science Foundation of China (NSFC) under Project 19975021
.
2Permanent address: Jingzhou Teacher’s College, Hubei 434100 China
The presently most promissing theory of strong interaction — Quantum Chromo-Dynamics
(qcd) has the special property of both asymptotic freedom and colour confinement. For this
reason, in any process, even though the energy scale, Q2, is large enough for perturbative
qcd (pqcd) to be applicable, there must be a non-perturbative hadronization phase before
the final state particles can be observed. Therefore, the transition or interplay between hard
and soft processes is a very important problem.
Theoretically, the transition between perturbative and non-perturbative qcd is at a
scale Q0 ∼ 1–2 GeV. Experimentally, the transition between hard and soft processes is
determined by the identification of jets through some jet-finding processes, e.g. Jade [1] or
Durham [2] algorithm. In these processes there is a parameter — ycut, which, in case of
Durham algorithm, is essentially the relative transverse momentum kt squared [3],
kt =
√
ycut ·
√
s, (1)
where
√
s is the center-of-mass energy of the collision. From the experimental point of view,
kt can be taken as the transition scale between hard and soft. Its value depends on the
definition of “jet”.
Historically, the discovery in 1975 [4] of a two-jet structure in e+e− annihilation at c.m.
energies ≥ 6 GeV has been taken as an experimental confirmation of the parton model[5], and
the observation in 1979 of a third jet in e+e− collisions at 17 – 30 GeV has been recognised
as the first experimental evidence of gluon [6] – [9]. These jets, being directly observable in
experiments as “jets of particles”, will be called in the following as “visible jets”. The aim of
this paper is to find out the scale corresponding to these visible jets and discuss its meaning.
For this purpose, let us remind that the qualitative difference between the typical soft
process — moderate energy hadron-hadron collisions and the typical hard process — high
energy e+e− collisions can be observed most clearly in the property of dynamical fluctu-
ations therein. It is found recently [10] that the dynamical fluctuations in the hadronic
systems from these two processes are qualitatively different — the former is anisotropic in
the longitudinal-transvere plane and isotropic in the transverse planes while the latter is
isotropic in three dimensional phase space. This observation inspired us to think that the
dynamical-fluctuation property may provide a hint for the determination of the scale of the
appearance of visible jets.
The dynamical fluctuations can be characterized as usual by the anomalous scaling of
normalized factorial moments (nfm) [11]:
Fq(M) =
1
M
M∑
m=1
〈nm(nm − 1) · · · (nm − q + 1)〉
〈nm〉q (2)
∝ (M)φq (M →∞) ,
where a region ∆ in 1-, 2- or 3-dimensional phase space is divided into M cells, nm is the
multiplicity in the mth cell, and 〈· · ·〉 denotes vertically averaging over the event sample.
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Note that when the fluctuations exist in higher-dimensional (2-D or 3-D) space, the
projection effect [12] will cause the second-order 1-D nfm goes to saturation according to
the rule3:
F
(a)
2 (Ma) = Aa − BaM−γaa , (3)
where a = 1, 2, 3 denotes the different 1-D variables. The parameter γa describes the rate of
going to saturation of the nfm in direction a and is the most important characteristic for
the higher-dimensional dynamical fluctuations. If γa = γb the fluctuations are isotropic in
the a, b plane; while when γa 6= γb the fluctuations are anisotropic in this plane. The degree
of anisotropy is characterized by the Hurst exponent Hab, which can be obtained from the
values of γa and γb as [14]
Hab =
1 + γb
1 + γa
. (4)
The dynamical fluctuations are isotropic when Hab = 1, and anisotropic when Hab 6= 1.
For the 250 GeV/c pi(K)-p collisions from NA22 the Hurst exponents are found to be [15]:
Hptϕ = 0.99± 0.01, Hypt = 0.48± 0.06, Hyϕ = 0.47± 0.06, (5)
which means that the dynamical fluctuations in this moderate energy hadron-hadron col-
lisions are isotropic in the transverse plane and anisotropic in the longitudinal-transvere
planes. This is what should be [16], because there is almost no hard collisions at this energy
and the direction of motion of the incident hadrons (longitudinal direction) should be pre-
vileged. Note that the special role of longitudinal direction in these soft processes is present
both in the magnitude of average momentum and in the dynamical fluctuations in phase
space.
In high energy e+e− collisions, the longitudinal direction is chosen along the thrust axis,
which is the direction of motion of the primary quark-antiquark pair. Since this pair of quark
and antiquark move back to back with very high momenta, the magnitude of average mo-
mentum of final state hadrons is also anisotropic due to momentum conservation. However,
the dynamical fluctuations in this case come from the QCD branching of partons [17], which
is isotropic in nature. Therfore, although the momentum distribution still has an elongated
shape, the dynamical fluctuations in this case should be isotropic in 3-D phase space.
A Monte Carlo study for e+e− collisions at 91.2 GeV confirms this assertion [10]. The
dynamical fluctuations are approximately isotropic in the 3-D phase space, the corresponding
Hurst exponents being
Hptϕ = 1.18± 0.03, Hypt = 0.95± 0.02, Hyϕ = 1.11± 0.02. (6)
The present available experimental data for e+e− collisions at 91.2 GeV also show isotropic
dynamical fluctuations in 3-D [18].
3In order to elliminate the influence of momentum conservation [13], the first few points (M = 1, 2 or 3)
should be omitted when fitting the data to Eq.(3).
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Now we apply this technique to the “2-jet” sub-sample of e+e−collision obtained from
a certain, e.g. Durham, jet-algorithm with some definite value of ycut. Doing the analysis
for different values of ycut, the dependence of dynamical-fluctuation property of the “2-jet”
sample on the value of ycut can be investigated.
Two event samples are constructed from Jetset7.4 and Herwig5.9 generators, respectively,
each consists of 400 000 e+e− collision events at c.m. energy 91.2 GeV. The results of 3-D
F2 for the full samples are shown in Fig.1 and the variation of γ’s of the 2-jet sample with
ycut (kt) are shown in Fig’s 2.
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Fig.1 The log-log plot of 3-D nfm of the full event sample as function of partition number M
(a) (b)
Fig.2 The parameter γ of 2-jet sample as function of ycut (kt)
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It can be seen from Fig.1 that after neglecting the first point to eliminate the influence of
momentum conservation [13] the results from both Jetset and Herwig fit very well to straight
lines with only slightly different slope. This means that the results from these two generators
are qualitatively the same, showing that the full sample is self-similar (isotropic) fratal. This
is just as expected [10]. Quantitatively, they have slightly different fractal dimension.
The variation of the three γ’s of “2-jet” sample with the parameter ycut (kt), plotted
in Fig.’s 2, show an interesting pattern. When ycut (kt) is very small, the three γ’s are
separate. As the increasing of ycut (kt), γpt and γϕ approach each other and cross over each
other sharply at a certain point. After that the three γ’s approach to a common value due
to the fact that when ycut is very large the “2-jet” sample coincides with the full sample and
the dynamical fluctuations in the full sample is isotropic, cf. Eq.(6).
We will call the point where γpt crosses γϕ as transition point. It has the unique property:
γpt = γϕ 6= γy, i.e. the jets at this point are circular in the transverse plan with respect to
dynamical fluctuations. These jets will, therefore, be called circular jets.
The above-mentioned results are qualitatively the same for the two event generators, cf.
Fig.2 (a) and (b), only the ycut (kt) values at the transition point are somewhat different.
It is ycut ≈ 0.0048 (kt ≈ 6.3 GeV) for Jetset and ycut ≈ 0.0022 (kt ≈ 4.3 GeV) for Herwig.
The values of γ’s and the corresponding Hurst exponents H , cut parameter ycut and relative
transverse momentum kt at the transition point are listed in Table I.
Table I Parameters γ, Hurst exponents H , cut-parameters ycut and kt at the transition point
Generator (GeV) y
(Durham)
cut γy γpt γϕ Hypt Hyϕ Hptϕ ycut kt GeV
Jetset7.4 0.0048 1.074 0.514 0.461 0.73 0.70 0.96 0.0048 6.32
±0.0007 ±0.037 ±0.080 ±0.021 ±0.06 ±0.06 ±0.10 ±0.0007 ±0.03
Herwig5.9 0.0022 1.237 0.633 0.637 0.73 0.73 1.00 0.0022 4.28
±0.0008 ±0.066 ±0.064 ±0.051 ±0.05 ±0.05 ±0.07 ±0.0008 ±0.02
It is natural to ask the question: Is there any relation between the circular jets determined
by the condition γpt = γϕ 6= γy and the visible jets directly observable in experiments as “jets
of particles”?
In order to answer this question, we plot in Fig.’s 3 the ratios R2 and R3 of “2-jet” and
“3-jet” events as functions of the relative transverse momentum kt at different c.m. energies.
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Fig.3 The ratios R3 and R2 of 3- and 2-jet events as functions of kt
at different c.m. energies, (a) from Jetset7.4; (b) from Herwig5.9
Let us consider the point where a third jet starts to appear. Historically, a third visible
jet was firstly observed in e+e− collisions at c.m. energy 17 GeV. It can be seen from Fig.3
that, for
√
s = 17 GeV, R3 starts to appear at around kt = 8–10 GeV, cf. the dashed vertical
lines in Fig.’s 3. This value of kt is consistent with the kt value (4.3–6.3 GeV) of a circular
jet within a factor of 2, cf. Table I. Thus we see that the circular jet, defined as a kind of
jet circular in the trnasverse plan with respect to dynamical fluctuations, and the visible jet,
defined as a kind of jet directly observable in experiments as “jets of particles”, have about
the same scale — kt ∼ 5–10 GeV.
This scale is to be compared with the scale kt ∼ 1–2 GeV, which is the scale for the
transition between perturbative and non-perturbative. It is interesting also to see what
happens in the results of jet-algorithm at the latter scale.
It can be seen from Fig.3a (Jetset7.4) that, at this scale (kt ∼ 1–2 GeV) the ratio R2
of “2-jet” events tends to vanish almost independent of energy, provided the latter is not
too low. This can be explained as the following. Consider, for example, an event with
only two hard partons, having no perturbative branching at all. Even in this case, the two
partons will still undergo non-perturbative hadronization to produce final-state particles.
If the kt is chosen to be less than 1–2 GeV then the non-perturbative hadronization with
small transverse momentum will also be considered as the production of new “jets” and this
“should-be” 2-jet event will be taken as a “multi-jet” (more than two jets) ones too. This
means that, when kt < 1–2 GeV, events with small transverse momentum will also become
“multi-jet” ones, and R2 vanishes.
However, even when kt < 1–2 GeV, a few 2-jet events may still survive if the hadronization
is alomst colinear. This effect becomes observable when the energy is very low, see, e.g., the
R2 curve for
√
s = 6 GeV in Fig.3a.
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Similar picture holds also for the results from Herwig5.9, cf. Fig.3b, but the almost-
colinear hadronization appears earlier.
Before closing the paper, let us give some comments on the physical picture behind the
above-mentioned two scales. A circular (or visible) jet is originated from a hard parton.
The production of this parton is a hard process. Its evolusion into final state particles
includes a perturbative branching and subsequent hadronization. The hadronization is a
soft process. The perturbative branching (sometimes called parton shower) in between the
hard production and soft hadronization connects these two processes. The isotropic property
of dynamical fluctuations provides a criterion for the discrimination of the hard production
of circular jets and the parton shower inside these jets.
In this paper we found through Monte Carlo study that unlike the average properties of
the hadronic systems inside jets, the anisotropy of dynamical fluctuations in these systems
changes abruptly with the variation of the cut parameter ycut (kt). A transition point exists,
where the dynamical fluctuations in the hadronic system inside jets behave like those in
soft hadronic collisions, i.e. being circular in the transverse plan with repect to dynamical
fluctuations. The scale of these circular jets is about kt ∼ 5–10 GeV in contrast to the
scale of pqcd which is Q0 ∼ 1–2 GeV. It is encouraged to check this observation using real
experimental data.
This observation is not only meaningful in the study of jets in e+e− collisions but also
enlightening in the jet-physics in relativistic heavy ion collisions, which will become impor-
tant [19] after the operation of the new generation of heavy ion colliders at BNL (RHIC)[20]
and CERN (LHC-ALICE)[21].
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